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§ 3.4 Hausdorff measures
.

Def ( Hausdorff , 19181

Let A e IR
"

,
8>0

,
Seto, 01 , define

Hsg (A) = inf { FI , I Ails : Ae Ai
,
IA its s } .

( here I. Ail : = diam (Ai ) )
and

HEA ) = Lingo Hiatt - guy
.

Hiatt .

( using the fact Hg{AIM that
as sto)

we call tf 's At the S - dimensional Hausdorff measure
of A .

-1hm 3.7. Cal HS is a Borel measure on IR
"

for each s Zo
.

(b) Suppose HIA ) so , then I a Borel set B
such that BoA and

HTB) = H'CA)
.

(C) For any open set G- E IR
"

,



that = sup { this) : k compact, KEG!
(d) If A is a Borel set with H'(A) so,
then f e > o, I compact ke A such that

HkAlk) se .

Pf
.
Cal . First we show that Hgs is an outer measure

.

This is clear since Hgs is generated by a

gauge ( Bg
,
1. Is )

,

where

Rg = { A EIR" : diam (A) as } .
We claim that ffs is also an outer measure

.

clearly ,
tfsco ) = lying tf:( 01=0 .

Next for A e ⇐ Ai , then

Hgs (AI E ET HICAi )
E EI HscAil .

Letting s -so gives tf 'sAl E EIHTAil
.

Hence Hs is an outer measure
.



Next we show that HS is a metric outer measure
.

To see this
,
let A

,
B e IR

"
with d( A, B) 70 .

Take 8 d(A. B)
OS &
y

.

is

suppose AUB e U CK with KRISS
.

b- I

write A = { Cj : Cj NA t0 }

D= { Cj i G- AB t0 } .

Since lcjlss, d( A, B) > 48
,

so no G- intersects

both A and B
.

0% o.ci①* ④
Hence ⇐ Acids > Feat Gls + Fess 151

'

Notice that g.VE#G0A , ¥35' 3h33 .
So ⇐ kids 's H:(Alt H 's CB)



Taking infimwm over the covers { Ck } of AUB gives

Hsg (AUB) Z HgsSA) t Hgs CB)
,

so

Hgs ( AUB) = HgsCA ) t HssCB)
.

Letting s -so gives

HSCAUB) = HEA ) t tf SCB)
.

Hence tf
'
is a metric outer measure .

So it is a Borel measure
.

This proves (a) .

Now we prove Cb) : If RYA) so
,
then I a Borel BoA

with H'( B) - tf 'sAl .

Notice that for 8 so
, Hsg (A) E tfSCA) so .

Moreover for C e HR
"

,
ICI = I II

,
where

c- denotes the closure of C .

Hence for any integer k so, by definition , we can

find { C! Jj! such that Cjk are closed set,
I



I G-ht s th
,

and Ae
,
Cjk
,
moreover

II
,

194 's thin CAH 't HIA't'tk k

Define Bk = Cjk
,

then Bk is Bond
,

and Ae Bk
.

Let B = II
,

Bk
,
then B is Bonet

,
BoA

.

Notice that for each LEN ,

NysacB) E Hy:( Bk )
E E lg.gs
ja

e that -14k

Letting k→o gives

HEB) s that
,

and so HSC B) = H4A )
.

This proves (b) .



cc ) for open Ge IR
"

,

# s that = sup { H'CK ) : k compact, KEG } .

To prove *I , it suffices to show that

⇒ a sequence of compact sets (Kj ) such that

Kj I
' G

( i.e . Kj, o Kj and G- = j§ Kj )
Then H'(G) = III. tfsckj ) by the Hy of measure

.

Now we construct such Kj as follows :

Kj = { x E R" : d (x, Gee ) Zjt , txt Ej }
.

is .

A direct further check shows that Kj Y' G .



(d) If HSIA ) so , A is Bonet
,
then t Eso

,

⇒ compact KEA so that

Hsc AtKlee .

Actually this is a general property for all
Borel measures on IR! You are referred to
[ Evans - Gariepy I hem 1.1 ( i )

,
P
.

6
.

Prop 3.8 .
Let Ac IR

"

.

Then

(1) HY TA ) = HTA ) if T is a Euclidean

Moti thin ( i.e .
Tx = Use t b

,

where U is an orthogonal
transformation ) .

as Hyatt) = as that
,
t d > o

.



Prop 3.9 .

Let Ae IR
"

.

Then

d) RYA) - o , if s > n

e ) If that sis , then HtcAko if t> s
.

(3) If H' (A) so , then HtcA) = is if tss
.

Lets > n
.

Pf . as we prove that HSC IR" ) - o .

Notice that IR
"
is the countable union .

¥¥. 49114¥)
It is enough to show that

Nsf fo, H ") ⇐ o . **)

Notice that for KENT
,
[0,11

"
can be covered by

b
"

many sub cubes of side Yr

Each such sub cube is of diameter F- .



Hence

Hsuan ( cont ") E Rh . (rnp )
'

= frnjs . pen
-s

→ o as k→ is

It follows that Jfs ( [ o, 117=0 .

(b) If tf's A) so then HTA) - o if t > s .

Assume t > s
. Let 8 > o

..

Then we can

find a 8 - cover { Ci } of A such that

Eilcils E NICA) -11 .

Then
¥7

,

Kitt = EI kits . Kitt's

⇐ gt - s . ¥,
kits

⇐ (Hgs CAH ) . gt - ss



"

ptgfAyeE7lCittEfHgscahD.st-sE@scAstDst.s
Letting s → o gives

pet(A) = 0 .

-
-
-
-
-
-
-
- -
- -
- - - - -

Hsiao:#
A-413

"

!=/.÷÷→A jumping point
Figure .
I



prop 3.10 .

ca ) tf is the counting measure on IR
"

.

(b) H
't

=L
'

on KR
.

(C) tf
"

= Cfn) . L
"

on IR
"

,

where

Un) is a positive constant .

Pf . Cai follows from the definition .

Cb ) follows from the fact that

if Ae IR
,

and {Cif . is a cover of A
,

then {[ai, bi I} is also a cover of A

where ai = Iif Ci
,

bi - sup Ci

and I Hit
't
= ? I bi -ail .

This property implies that tf
't
=L
'

, using
the fact
L'fat =i§ F. lbi -ail : A CiU

,

Cai
,
bit
,

bi - ai s s)
tf S > o

.



③ Since tf
"

is a translation invariant Bond
measure

,
so I Cfn) such that

H
"
= am I

.

To see that Ccn) is a positive number, it is

enough to show that

o s tf
"

(cont ) so .

By dividing to . 11
" into k

"

many sub cubes of
side th gives

H "rnq( cont) e k
"

. fifty
"

E Crn )
"

s is

Letting his gives

H
"

(cont ) s fn )
"

.



Next we estimate the lower found of tf
"

(co, In)
.

Let { Ci } be a 8- cover of fo, I
"

.

For each i
,
let Bi be a ball of radius diam Ci

.

and so that Bi a Ci

...
-n

F Kil
"
⇒ F lBil

"

A

= dan In . F HBi )

Z dn In . Li ( co, ah)
= dn 5h

.


